Abstract. In this paper we consider the Navier-Stokes-Korteweg equations for a viscous compressible fluid with capillarity effects in three space dimensions. We prove compactness of finite energy weak solutions for large initial data. In contrast with previous results regarding this system, vacuum regions are allowed in the definition of weak solutions and no additional damping terms are considered. The compactness is obtained by introducing suitable truncations of the velocity field and the mass density at different scales and use only the a priori bounds obtained by the energy and the BD entropy.
Introduction
This paper is concerned about the following Navier-Stokes-Korteweg system ∂ t ρ + div(ρu) = 0, ρ ≥ 0, (1.1)
in a three dimensional periodic domain, so that (t, x) ∈ (0, T ) × T 3 . We endow system (1.1)-(1.2) with initial data ρ(0, x) = ρ 0 (x), (ρu)(0, x) = ρ 0 (x)u 0 (x).
(1.
3)
The positive scalar function ρ represents the density of the fluid and the three dimensional vector field u is the velocity. The positive constants ν and κ, respectively, are the viscosity and the capillarity constants. The aim of this paper is to prove the compactness of solutions to (1.1)-(1.2). More precisely, given a sequence of solutions to (1.1)-(1.2), we show there exists a subsequence converging to a weak solution of the same system. This is one of the key steps in studying the existence of solutions for fluid dynamical systems like (1.1)-(1.2), the other one being the construction of a suitable sequence of approximate solutions.
The system (1.1)-(1.2) falls in the class of Navier-Stokes-Korteweg equations, which in their general form read ∂ t ρ + div(ρu) = 0 ∂ t (ρu) + div(ρu ⊗ u) + ∇p = 2ν div S + 2κ 2 div K, (1.4) where S is the viscosity stress tensor given by
the coefficients h and g satisfying h ≥ 0, h + 3g ≥ 0, and the capillarity term K satisfies
The system (1.1)-(1.2) is then obtained from (1.4)-(1.6) by choosing k(ρ) = 1, h(ρ) = ρ and g(ρ) = 0. Systems of Korteweg type arise in modeling several physical phenomena, e.g. capillarity phenomena in fluids with diffuse interface, where the density experiences steep but still smooth change of value. K is called the Korteweg tensor and is derived rigorously from thermodynamic considerations by Dunn and Serrin in [17] .
Local existence of smooth solutions and global existence with small data for the system (1.1)-(1.2) have been proved in [22, 23] . Regarding the theory of weak solutions few result are available. By exploiting some novel a priori estimates yielded by the so-called BreschDesjardins (BD) entropy, [9] , in [10] the authors prove the global existence of weak solutions for the system (1.1)-(1.2), by considering test functions of the type ρφ, with φ smooth and compactly supported. This particular notion of weak solutions has the advantage to avoid some mathematical difficulties which arise in the definition of the velocity field in the vacuum region. The result was later extended in [21] to the case of Quantum-Navier-Stokes, namely when we choose k(ρ) = 1/ρ in (1.6). When system (1.1)-(1.2) is augmented by a damping term in the equation for the momentum density, then it is possible to prove the existence of global solutions by using the standard notion of weak solutions [9] . Indeed the presence of the damping term allows to define the velocity field everywhere in the domain.
However when dealing with general finite energy weak solutions to (1.1)-(1.2), a major mathematical difficulty arises in defining the velocity field in the vacuum region, due to the degeneracy of the viscosity coefficient h(ρ) = ρ. The momentum density is always well defined, but unfortunately the standard a priori estimates given by the physical energy (and by the BD entropy) do not avoid a possible concentration which would prevent the convergence of the convective term in the compactness argument. Furthermore due to the presence of the capillarity term, a Mellet-Vasseur type estimate [27] does not seem to be available for the system (1.1)-(1.2). This problem was overcome for the quantum case when the viscosity coefficients are chosen to be h(ρ) = ρ and g(ρ) = 0. In [4] , by defining a suitable velocity it is possible to consider an alternative formulation of the system where the third order term vanishes, thus allowing the derivation of a Mellet and Vasseur type estimate for the new velocity. Alternatively, in [24] the authors replace the Mellet-Vasseur argument a by truncation method, so that they can recover the necessary compactness. In both the results in [4] and [24] it is crucial that the viscosity and capillarity coefficients satisfy
Note that this relation (1.7) plays a crucial role in the theory, see for example [12] where the authors study the vanishing viscosity limit for the quantum Navier-Stokes equations, or [5] where (1.7) is extensively exploited to construct the approximating system and [8] where numerical methods are performed. We stress that in (1.1)-(1.2) the viscosity and capillarity coefficients do not satisfy the relation (1.7) and hence in this paper we cannot rely on a similar analysis. In order to prove our compactness result, we also exploit a truncation argument. Contrarily to [24] , here it is not sufficient to truncate only the velocity field because of the lack of control on the third order term. To overcome this issue we also perform an additional truncation of the density. Unfortunately, this approach is not as straightforward as it would appear at a first glance. Indeed when truncating for example the convective term, some remainders cannot be simply controlled from the a priori estimates. Thus we need to introduce several scales of truncations, in order to control all the error terms.
As already remarked, inferring compactness properties for solutions to fluid dynamical systems like (1.1)-(1.2) are only the first step towards an existence result for global in time finite energy weak solutions. Usually this is combined with the construction of a suitable sequence of smooth approximate solutions. Potentially, this latter step could be achieved by considering the following approximating system
and by adapting, probably in a non trivial way, the regularisation procedure in [24] in order to rigorously derive the truncated formulation of the momentum equations. On the other hand, providing a smooth approximating system as in [5] seems to be very challenging due to the the very rigid structure of the approximation procedure. We plan to attack this problem in future works. We conclude this introduction by describing the state of art of the analysis of the Cauchy problem for the general system (1.4)-(1.6). In the case κ = 0 (1.4) reduces to the system of compressible Navier-Stokes equations. When the viscosity coefficient h(ρ) is chosen degenerating on the vacuum region {ρ = 0} the Lions-Feireisl theory, [26] , [18] , and the recent approach in [11] cannot be used because it is not possible to define the velocity in the vacuum regions. The global existence of weak solutions has been proved independently in [28] and [25] in the case h(ρ) = ρ and g(ρ) = 0. In both cases, non trivial approximation procedures are required to prove the BD entropy and the Mellet and Vasseur inequality.
When the viscosity ν = 0, the system (1.4) is called Euler-Korteweg and it has been also extensively studied. In [7] local well-posedness has been proved, while in [6] the global existence of smooth solutions with small data has been proved. Moreover, when k(ρ) = 1/ρ the system (1.4) is called Quantum Hydrodynamic system (QHD) and arises for example in the description of quantum fluids. The global existence of finite energy weak solutions for the QHD system has been proved in [2, 3] without restrictions on the regularity or the size of the initial data. Non uniqueness results by using convex integration methods has been proved in [14] .
Moreover, relative entropy methods to study singular limits for the equations (1.4)-(1.6) have been exploited in [12, 14, 20, 16] , in particular we mention the incompressible limit in [1] in the quantum case, the quasineutral limit [15] for the constant capillarity case and the vanishing viscosity limit in [12] . Finally, the analysis of the long time behaviour for the isothermal Quantum-Navier-Stokes equations has been performed in [13] .
Organization of the paper. The paper is organized as follows. In Section 2 we fix the notations and give the precise definition of weak solutions of (1.1)-(1.2). In Section 3 we recall the formal a priori estimates for solutions of the system (1.1)-(1.2), namely the energy estimate and the BD entropy. Finally, in the Section 4 we prove Theorem 2.2.
Preliminaries

Notations.
Given Ω ⊂ R 3 , the space of compactly supported smooth functions with
We will denote with L p (Ω) the standard Lebesgue spaces and with · L p their norm. The Sobolev space of L p functions with k distributional derivatives in L p is W k,p (Ω) and in the case p = 2 we will write H k (Ω). The spaces W −k,p (Ω) and H −k (Ω) denote the dual spaces of W k,p ′ (Ω) and H k (Ω) where p ′ is the Hölder conjugate of p. Given a Banach space X we use the the classical Bochner space for time dependent functions with value in X, namely L p (0, T ; X), W k,p (0, T ; X) and W −k,p (0, T ; X) and when
. We denote by Du = (∇u + (∇u) T )/2 the symmetric part of the gradient and by Au = (∇u − (∇u) T )/2 the antisymmetric one. Finally, given a matrix M ∈ R 3×3 we denote by Symm M , the symmetric part of M and by Asymm M the antisymmetric one. (1) Integrability conditions.
For any fixed l = 1, 2, 3 and
and Λ such that ρ u = √ ρΛ satisfying the following energy inequality
In order to state our main result, we first specify the assumptions on the initial data. We consider {ρ 0 n } n being a sequence of smooth and strictly positive functions and ρ 0 be a strictly positive function such that
Regarding the initial velocity, let {u n 0 } be a sequence of smooth vector fields and u 0 be a smooth vector field such that
The main theorem of this paper is the following.
Theorem 2.2. Assume {ρ 0 n } n and {ρ 0 n u 0 n } n are sequences of initial data for (1.1)-(1.2) satisfying (2.1) and (2.2). Let {(ρ n , u n )} n with ρ n > 0 be a sequence of smooth solutions of (1.1)-(1.2) with initial data {ρ 0 n } n and {ρ 0 n u 0 n } n , then, up to subsequences not relabelled, there exist (ρ, u) such that Remark 2.3. We stress that the velocity field is not uniquely defined on the vacuum region {ρ = 0}.
Remark 2.4. We stress that (2.3) do not implies the convergence of the convective term, which comes from the truncation arguments.
Remark 2.5. The notion of weak solution in Definition 2.1 is weaker compared with the one in the quantum case in [4, 5] . Indeed, in [4, 5] it can be proved that
As a consequence the energy inequality and the entire weak formulation can be written only in terms of ρ, Λ, S and A. On the contrary, in the proof of Theorem 2.2, we are not able to prove that Λ = √ ρ u, but only that √ ρΛ = ρ u. Indeed, it is not clear whether
since we do not know that Λ = 0 on {ρ = 0}.
A priori estimates
In this section we recall the two formal a priori estimates available for solutions of (1.1)-(1.2). The first lemma is the basic energy estimate for the system (1.1)-(1.2).
Proposition 3.1. Let (ρ n , u n ) be a smooth solution of (1.1)-(1.2), then
The second main a priori estimates is the so-called BD entropy. Although this estimate is well-known, see [9] , we give a sketch of the proof for completeness. Proposition 3.2. Let (ρ n , u n ) be a smooth solution of (1.1)-(1.2). Then, w n = u n + 2ν∇ρ n and ρ n satisfy
Proof. We first perform the effective velocity transformation. Let c ∈ R to be chosen later. Let us consider w n = u n + c∇ log ρ n . Then,
We recall the following elementary identities,
By using these identities it is easy to prove that
Then, by choosing c = 2ν we obtain the following system
The BD Entropy (3.2) is nothing else than the energy estimate associated with the system (3.3)-(3.4). By multiplying (3.4) by w n , by integrating in space and by using (3.3) we get Finally, by multiplying (3.3) by −2κ 2 ∆ρ n we have
By summing up (3.5), (3.6) and (3.7) and integrating by parts we get (3.2).
Compactness
In this Section we are going to prove the main result of our paper.
4.1.
Bounds independent on n. First of all we collect the a priori bounds we can deduce from the Proposition 3.1 and Proposition 3.2. By the energy estimates in Proposition 3.1 and the assumptions (2.1), (2.2) we have the following uniform bounds.
The uniform bounds obtained by the BD Entropy, Proposition 3.2, are the following
Combining some of the bounds in (4.1) and in (4.2) we obtain the following bounds
Of course, additional bounds can be easily obtained by interpolation and Sobolev embeddings.
Here we list only the ones will be used in the sequel. By Sobolev embeddings and interpolation inequalities we get
By using (4.1), (4.2), (4.4) and Hölder inequality we have
Finally, by using the continuity equation (1.1) we have that
4.2. Convergence Lemma. By using the above uniform bounds we are now able to prove the following convergences.
Lemma 4.1. Let {(ρ n , u n )} n be a sequence of solutions of (1.1)-(1.2).
(1) Up to subsequences there exist, ρ, m, S, A and Λ such that
Moreover, Λ is such that √ ρΛ = m.
(2) The following additional convergences hold for the density
Proof. By using (1.1) and (4.4), we have that
Then, since {ρ n } n is uniformly bounded in L 2 (0, T ; H 2 (T 3 )), by using Aubin-Lions Lemma we get (4.7). Next, by using the momentum equations and the bounds (4.1)-(4.4), it is easy to prove that
Then, by using (4.4), (4.5) and Aubin-Lions Lemma, (4.8) follows. The convergences (4.9), (4.10) and (4.11) follow by standard weak compactness theorems and the equality √ ρΛ = m follows easily from (4.7) and (4.11). Next, the convergences (4.12), (4.13) follow from the the uniform bounds (4.1)-(4.3) and standard weak compactness arguments. Finally, The convergence (4.14) is easily obtained by using (4.7) and the bound (4.3), the convergence (4.15) follows by (4.2) and (4.7).
and (ρ n , u n ) be a solution of (1.1)-(1.2) and let u be defined as follows:
Then, the following convergences hold.
Proof. We first first note that, up to a subsequence non relabelled, (4.7) and (4.8) imply that
Moreover, by Fatou Lemma we have that 22) which implies that m = 0 on {ρ = 0} and
Moreover, m = ρ u = √ ρΛ. Let us prove (4.17). On {ρ > 0} by using (4.21) we have that
On the other hand, since f ∈ L ∞ (R 3 ; R) we have
Then, ρ n f (u n ) → ρ f (u) a.e. in (0, T ) × T 3 and the convergence in (4.17) follows by the uniform bound
Regarding (4.18), from Lemma 4.1 we have that ρ is a Sobolev function, then ∇ρ = 0 a.e. in {ρ = 0}.
From (4.21) we have that
Then, ∇ρ n f (u n ) → ∇ρ f (u) a.e. in (0, T ) × T 3 and (4.18) follows from the uniform bound (4.4). Concerning (4.19), again (4.21) implies the following convergences suppβ ⊂ (−2, 2) and 0 ≤β ≤ 1. Givenβ, we defineβ : R → R as follows:
For y ∈ R 3 we define for any δ > 0 the functions
Note that for fixed l = 1, 2, 3 the function β l δ : R 3 → R is a truncation of the function f (y) = y l . Finally, for any δ > 0 we defineβ δ : R 3 → R aŝ
and for any λ > 0 we defineβ λ : R → R as
In the next Lemma we collect some of the main properties of β l δ ,β δ andβ λ . Those properties are elementary and can be deduced directly from the definitions. (1) For any δ > 0 and l = 1, 2, 3 Proof of Theorem 2.2. Let (ρ n , u n ) be a solution of (1.1)-(1.2). By Lemma 4.1 there exist ρ, m, Λ such that the convergences (4.7), (4.8) and (4.11) hold. Moreover, by defining the velocity u as in Lemma 4.2 we have that
By using (4.7), (4.8) and (2.1) is straightforward to prove that
. Let us consider the momentum equations. Let l ∈ {1, 2, 3} fixed. By multiplying (1.2) by ∇ y β l δ (u n ) and by using the continuity equation (1.1) we have that
, by multiplying (4.28) byβ λ (ρ n )ψ and integrating by parts we get
(4.30)
We first perform the limit as n goes to ∞ for δ and λ fixed. Notice that, sinceβ λ ∈ L ∞ (R), and {ρ n } n converges almost everywhere, we have that
By using (4.17) with p = 2 and choosing q = 2 in (4.31) we have that
Next, by (4.19) with p = 3/2 and choosing q = 3 in (4.31) we get
By using (4.9), (4.17) with p = 4 and (4.31) with q = 4 it follows
By using (4.15), (4.20) with p = 3 and (4.31) with q = 6 it follows
By using (4.13), (4.18) with p = 3 and (4.31) with q = 6 it follows
Next, by using (4.13), (4.17) with p = 3 and (4.31) with q = 6 it follows
Finally, by using (2.1) the convergence of the term involving the initial data can be easily proved. It remains to study the remainder R δ,λ n . We claim that there exists a C > 0 independent on n, δ and λ such that
In order to prove (4.32) we estimate all the terms in (4.30) separately. By using (4.4), (4.6), (4.23) and (4.24) we have
By using (4.1), (4.4), (4.23) and (4.24) it holds
By using (4.1), (4.4), (4.23) and (4.24) we get
By using (4.1), (4.2), (4.23) and (4.24) we have that
By using
Finally, by using (4.1), (4.23) and (4.24) we have
where the remainder is because of (4.19) with p = 1. By using (4.25), (4.17) with p = 2 and the weak convergence of ∇ √ ρ n in L 2 t,x we get
Finally, by using (4.1), (4.2) and (4.25) we have that
and then there exists a measureμ δ such that R δ n · ∇φ dxdt → μ δ , ∇ψ , (4.37) and its total variation satisfies |μ δ |(T 3 ) ≤ Cδ.
Collecting the previous convergences, we have 2 √ ρS l,jβδ (u)∇ j φ dxdt = − ρ u lβ δ (u)∆φ dxdt
Finally, by using (4.26), Dominated Convergence Theorem and (4.37) we get that 2 √ ρS l,j ∇ j φ dxdt = − ρ u l ∆φ dxdt − ρ u j ∇ 2 j,l φ dxdt
By the very same arguments we identify also the tensor A. Finally, the energy inequality and the BD Entropy follow from the lower semicontinuity of the norms.
